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Postbuckling Behavior of a Clamped, Elastically Supported
Planar Structure Under Follower Force

Lech Tomski* and Jacek Przybylskif
Czestochowa Institute of Technology, Czestochowa, Poland

The behavior of a geometrically nonlinear planar two-member structure clamped at one end and elastically
supported at the other under follower force is studied. The characteristics of forces in the members of the
structure during loading vs the rigidity of the supporting spring are discussed. The changes of bending moment at
which the system elements interact, the lateral displacement, and tangent slope angle vs loading force are
presented. The critical instability (divergence) mechanism of a double-bar column is compared with the

corresponding single column.

Nomenclature
A, = cross sectional area of ith bar (i =1,2)
G = supporting spring rigidity
C. = boundary value of supporting spring rigidity
E, = modulus of elasticity of ith bar
I, = moment of inertia of /th bar
[ = length of the structure
P = load of the structure
P. = maximum value of P(X;) for boundary value
of supporting spring rigidity C,
P(K;) = critical load (for supporting spring rigidity C;)
. = internal axial force of ith bar
u;(x) = axial displacement of ith bar
w;(x) = lateral deflection of ith bar
w, (%) = dw,(x)/dx = angle between axis x and

tangent to the deformed line of ith bar

Introduction

HE instability of a uniform cantilever loaded by a fol-
lower or partial follower force has been considered by
numerous authors: for example, see Refs. 1-12. In these
papers, a column (cantilever) is considered as a continuous
system or modeled as a discrete one. Such a column can be of
divergence or flutter type, depending on its boundary condi-
tions. Divergence instability of a uniformly clamped, elasti-
cally supported cantilever subjected to a follower or partial
follower force has been investigated in Refs. 13-16. According
to the Euler theory, the straight configuration of the bar is
unstable for loads above P,. A bar loaded with P, is in neutral
equilibrium; no configuration is stable for higher loads.
According to exact elastic theory (EET), however, the load-
defiection curve rises indefinitely with a slope that is always
positive (or negative for negative deflections), which means
that there is a stable configuration for all values of the load.
(See Refs. 17-19.)
In solved problems of stability and dynamics, geometrically
nonlinear structures are often applied to the moderately large
bending theory (MBT).2?! (See Ref. 22 for bibliographical
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information). Special attention must be given to verification of
any problem solution based on MBT by use of experimental
data. Godley and Chilver” have determined thé buckling
behavior of an initially compressed planar frame, using that
theory and its experimental verification. Burgreen® and Ray
and Bent® have presented the solution of nonlinear free
flexural vibrations of a beam with immovable ends. In all the
above-mentioned works, the moderately large bending theory
is in accord with the results of actually performed experi-
ments.

According to the moderately large bending theory as ap-
plied in this paper, the equilibrium equations for Hookean
material are in the following forms:

In the transverse direction,

EI’ ]1 L

i, Xxxxx

~[EA(u; ,+ 3w )w, ] =0 (D)

W X

In the in-plane direction,

S, = __[EiAi(ui.x+%wi2,x)] (2)
Analysis

This work deals with initial postbuckling behavior of a
compound planar clamped, elastically supported structure
subjected at the elastically supported end (Fig. 1a) to an axial
tangential load.

The structure is constructed from colinear or coplanar
prismatic bars of different axial and flexural rigidities. The
members are rigidly connected at their ends, both in a dis-
placement and rotational sense.

A physical model of a two-member structure can be pre-
sented as a column made of two coaxial tubes (Fig. 1a) or a
frame made of a strip located in the center of the structure in
which the second member is formed by two identical strips
symmetrically located at both sides of the central strip. The
structure presented in this paper will be exemplified by the
double-tube column (see Fig. 1a), henceforth to be called the
double-bar column. The supporting spring stiffness C has its
main influence on the behavior of the double-bar column
during loading, as well as of an identically supported and
loaded single column. The region of divergence instability for
the single column is determined in the works of Sundararajan'*
using the dynamic stability criterion and in those of Kouna-
dis'® using the static stability criterion. From these works, it
appears that, at a stiffness lower than the boundary stiffness of
spring support C,, the column loses its stability through flutter
and its critical load can be established only by using the
dynamic criterion. Therefore, it was observed that the critical
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instability mechanism changed from flutter to divergence, or
vice versa, with the changes in the stiffness of the elastic
supports. In the case of a double-bar column, the critical
instability mechanism differs from that for a single column
within the whole range of variability of the supporting spring
stiffness C, as will be shown in the following section.

Solution of the Problem
In the case of the coaxial double-bar column under consid-
eration, Eqs. (1) and (2) are accompanied by the following
geometrical boundary conditions in the form Fig. 1b:

w1 (0) =w,(0) =0 (3a,b)
wi(l) =wy (1) =w, (3¢)
w1.x(0) =w, (0) =0 (3d,e)
wis(D) =wy (D =w,, (3)
1 (0) =u,(0) =0 (3g,h)
m()=uy(1) (39)
and natural conditions:
ELw, (1) + E,Lw, . (I)=0 (4a)
EiLw, (D) + ExLw, (1) — Cw,;=0 (4b)
S +8,=P (4c)

Taking into consideration Eqgs. (3a-—3c), the solution of Eq. (1)
is two equations covering the deflected axes of bars w,(x),

1
w(x)__— M+~ [ S(Mo il)]x (5a)
1 1 '
* S; M”sm—k,l — Mctgk,l |sink,x
+;,M0 cosk, x (i=1,2) (sb)
where:

My = _Eiliwl,xx(o)! M= —Eiliwl,xx(l)

K2 =S/ETL

&0y h

|

|

I
.
|

|

SR
Fig. 1b Deformed axes of both
Fig. 1a Double-bar members of the structure under
column. follower force.
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Using Eqs. (3d-3f) and (4) for Egs. (5), we get the system
of linear homogenous equations for w,, M;,, M;,, and M,,,

[a,.j]col{w,, My, My, My} =0 i,j=1,2,3,4 (6a-d)
where:

ayy=ay=a,=0,

_L(,_ ki
%27 5\ T sink,l

a3 = Sil( kiletgkl-1) +

p=—ay=—a5=-1

Slz(kzlctgkzl— 1)

1 k,l
al4~u(smk i 1)’ an =0,

P kil P
kil
032=“1‘(1'k110tgk11)’ a33=—1— ey
S S\ sink,/

_1(, _kl
a43——?2 T sink,l |’

The nontrivial solution of this set of equations occurs when its
determinant is equal to zero. This condition leads to tran-
scendental equation for internal forces §; in the form,

k k,!
S2 (2tg 2 k21)

Ay = Siz(l — kylctgk,l)

k,
X[smk I(Cl cosk,l— —S2)+S2—Cl]

k, kil
+ ‘ST(Zth b kll)

k,
X[smk s ] (Cleosky =8 = 8,) + 8 — Cl]

tg( k11/2)  tg(k,1/2)
*hakal ( w52 1wkl )
2( kytg - k21 + k,tg kzl) 0 (7

Equation (7) makes it possile to find the relationship between
the forces S, and S, and the function of the support stiffness
of column C. The sum of forces S, and S, produces the force
P, which loads the system.

Solution of Egs. (2) with considerations of Egs. (3g-3D)
gives the nonlinear equation for M;,, M,,, and M,, in the

Table 1 Physical and geometrical data of the column

Bar
Parameter 1 2
E, GPa 100 200
I, m* >< 10° 2.042 527
A m x 103 5.0657 3.4557
A,’, m? x 10° 5.0657 23
[, m 4 4
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form
+Si22{ 7+ 2s11:12k21(s1ﬁk ]+ cosks ’)]

X( MZ + M})

2

k
— M, M,, [7 - Ei—,(kﬂa%u 1)]}

_1 1 ky kil kyl
s2\| ! t T sink, 1| skl T

X M% + M%)

2k
+ MM, [7 - ;ig%c—l—l(kllctgkll-’r 1)]} =0 (8)

Equation (8) together with three linear equations arbitrarily
chosen from Eqs. (6a—6d) makes it possible to calculate the
values of w,, M,, M, and M,; for determined values of
forces S; and S,.

Results of Numerical Calculations

Numerical calculations were made for the data listed in
Table 1. The results obtained are presented in the form of
plots in Figs. 2—-6.
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Fig. 2 Relationship between internal forces §; and S, and support

stiffness C,.
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In Fig. 2, the relationship between the internal forces S,
(i =1,2) in both bars of the column and the support stiffness
of column C; is presented (the curves are denoted with the
symbol of the spring constant C,).

During loading of the column by force P up to the moment
of the start of bending, the linear relationship between forces
S; in both bars is presented by the straight line 1. The slope
angle o, of this line results from the axial stiffness ratio of
both bars,

E, A
= arctg E2 A2 (9

A further increase of the external force P causes the increase
of internal forces S; from the point B; (points B, and B,),
where the bending moment between the bars of column begins

M
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Fig. 3 Bending moment M, and transverse deflections w;, for two
values of constants C, and C; of spring support force P.
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Fig. 4 Bending moment M,, and transverse deflection w;, for spring
constant C; vs force P.
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to appear (Fig. 3), to the point K; (points K, , and K,) that
corresponds to the critical load for a single column of stiffness
ElI=E I, + E;I,. Points K; and K, are located on the com-
mon straight line D inclined to the horizontal line at the angle
B (Fig. 2).

E, I
B = arctg -2

E 1, (10)

According to Eq. (10) the following relation must exist at
point X; (Fig. 2):
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Fig. 5 Transverse displacement w;(x) (solid line) of the bars and
tangent slope angle w, .(x) (broken line) along bar 1.
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S(X;)
5(K;)

_EL
B Elll

(11)

where §;(K) is the value of the force S, (i =1,2) at point K.
Cons1der1ng Egs. (11) and (4c), we have

51(K))
Elll

__P(K)
T EL+ B,

_ 5(K))

— 12
E212 =k

(12)

where P(K)) is the critical value of the force P at point K.
Inserting Eq (12) into Eq. (7), we get the buckling equanon
for a single column in the form,!

%[a coskl— P(K;)] - C1=0 (13)
The run of internal forces S, described above occurs when the
stiffness of the support of column end G is within the range
of C, < C < (curves (-, and C, in F1g 2), where C, is
the stiffness equal to infinity (the case of a fixed, supported
column).

For a single elastically supported cantilever subjected to a
follower force, divergence instability occurs at C &€ (C,, 00).
For C € (0, C,), the only stable configuration for the canti-
lever is the straight-line configuration and the column loses its
stability through flutter.

Using the moderately large bending theory for a double-bar
column, when C; € (C,, o0), we get the critical load P(K) =
Si(K;) + 5,(K). The 1nternal forces S, change with the in-
crease of the external loading force P within the range
{0, S;(K;)). When the support stiffness equals C,, we get a
maximum value for critical load P, (point K, in Fig. 2),
where P.= P(K,) = S,(K,) + Sy(K.).
~ For the stiffness 0 < C, < C,, there is a different characteris-
tic for internal forces S; during the loading of the column with
a force P. There is no K; point on curves C; (see curves C;
and (G in Fig. 2). With the increase in external force P, a
relationship between forces S, exists initially along straight
line 1 (a; < B) to points Bs or Bs (the column is compressed
only) and then along curve C; or (; (where the column is
bent and compressed).

75

P(B,

&3 Fig. 6 Characteristics of force P and forces S| and .S, vs
0 , tangent slope angle w,, for two values of constants C, and
P(8Bg) C5 of spring support.
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Fig. 7 Comparison of equilibrium paths of cantilever and double-bar
column.

When the ratio of axial stiffness is changed,
E,4,
a, = arctg 5> > 14
2 & E 4] B (14)

and the values of the flexural rigidity of particular bars are
substituted without changes (E, I, E,I,), the characteristics
of internal forces §; in both bars of the column will be
initially along straight line 2 (sloped at the angle a,) to the
point Bs and then the column will be bent (relationship
between forces S, along curves B/ and B{’). Further increases
in external loading will cause the next pass from the curve of
bending on straight line 2. Equation (7) has no solution for
decreasing force P.

Figure 3 presents a plot of the displacement of the elasti-
cally supported end of column (w, solid line) and of the
bending moment of the interacting bars (M;, broken line) for
two values of the spring supporting columns C, and C,
(C. <G <, C.<C< () vs force P loading the column.
The bending moment appears when the external force exceeds
the value P(B,), [P(B,)} and then takes on the maximum
value and is equal to zero for the value P(K,) [P(K,)], where
the external force reaches the value of the critical load. The
displacement w, also appears above point B, (B,) and then
increases to infinity at point K,,(K,).

The changes of moment M;, and displacement w, vs force
P for the supporting spring constant C; (Cs < C,), taking into
consideration the different ratios of the axial rigidities of both
bars (o and a,), are presented in Fig. 4. For the ratio «,
displacement w, and moment M,, increase from zero (point
B in Fig. 2). After reaching the maximum, displacement w,
decreases, but moment M;, changes its sign (step on the plot),
although its absolute value increases with the increase in
external force P. Two marked points on the curve (w, and a;)
correspond to two forces P =1.515 X 10® and 3.513 X 10° N
acting in directions w; ,= —1.28 X107? and 7.64 X 103,
respectively. For the ratio a,, both moment M, and displace-
ment w, exist only between points B’ and B (Fig, 2).

Plots of transverse displacements w,(x) of both bars (solid
line) and exemplary plots of the angle between axis x and
tangent to the deformed line of the centroid of bar 1 {w, , (x),
broken line] are presented in Fig. 5 for two values of the force
P mentioned above. Because of the flexural rigidity E, T, >
E, I, higher transverse displacements occur in bar 1. For the
force P=13.513 X 10° N, the transverse displacements w,(x)
change their sign along the length of the bar.

The characteristics of external force P vs slope w, . for two
rigidities of support C, and C; (C.<C, <, C; < C,) are
plotted in Fig. 6. In addition, the changes of forces in bars S,
and §, are presented for rigidity C,. In this case, as force P
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increases to the value of the critical load, only the value of the
force in bar 2 increases, while the force in bar 1 decreases
(E, I, > E\ I). For rigidity Cs, the characteristics of external
force P depend on the ratio of axial rigidity.

Conclusions

On the basis of the papers cited and the results obtained in
this work, the equilibrium path for elastically supported
single-cantilever (thin curves) and double-bar columns (planar
structure, thick curves) subjected to a follower force at the
clastically supported end are schematically presented in Fig. 7.
In the case of the double-bar column, because of the interac-
tion of both members, the bifurcation point appears at load
P(B;), which is less than the critical (bifurcating) load P(K})
for the corresponding single column. For force P leading to
P(K}) (when C > C,, supporting spring stiffness greater than
the bound stiffness), transverse displacement of the column
leads to infinity (curve 1).

For G, < C,, a gradual increase of the displacement occurs
at the same time as the growth of force P (curve 2 in Fig. 7).
Applying the moderately large bending theory (MBT), we can
describe the initial postbuckling behavior of the double-bar
column.

We may foresee that the application of the exact elastic
theory (EET) will lead to an explanation of the postbuckling
behavior of such a column for P> P(K;) (curve 3).
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